The logic of our approach goes as follows. To leading order in the -expansion, the QCD3 β g -function for the gauge coupling g,
has a non-trivial perturbative zero at g 2 * = (
However, it is possible that the large-N f fixed point is destabilized earlier by operators that are irrelevant for N f > N 
In particular, for SU (2) and SU (3) gauge groups, we find N crit f (2) = 11 + 8 and N crit f (3) = 33/2 + 7 to leading order in the -expansion. For large N c (with fixed ratio N f /N c ∼ 1), the estimate in Eq. (2) coincides with that obtained from examination of β g . However, we see that the large-N f fixed point is destabilized earlier than might a priori be expected at finite N c .
Previous work has used the 1/N f expansion to study the stability of QCD3. A solution to the Schwinger-Dyson equations suggests that the theory is driven into a phase in which the fermions acquire a mass at N f = 128 3π 2 N 2 c −1 Nc [2] . For QCD3 with gauge group SU(2), a theory which appears in the study of algebraic spin liquids and theories for high-temperature superconductivity [3] , [4] estimates that a particular linear combination of four-fermion operators becomes relevant when N f < 6. While the 1/N f expansion directly accesses three dimensions, the -expansion provides a complementary estimate valid for N f ∼ O(1).
Our work is inspired by recent studies of three-dimensional quantum electrodynamics QED3 [35] [ [5] [6] [7] [8] [9] , in particular the studies via the -expansion [10, 11] . (QCD3 may be viewed as a particular ultraviolet completion of compact QED3.) In these works, it is found that the analogous large-N f QED3 fixed point [12, 13] becomes unstable for some
It is important to understand both in QED3 and QCD3 whether dangerously irrelevant operators drive the theory into a massive phase or to a new massless fixed point [14] (see [15] for work in this direction in a closely related theory). We also mention progress on utilizing the conformal bootstrap [16] to study QED3 [17] and QCD4 [18] and leave possible studies of QCD3 to future work.
To complement our study of QCD3 via the -expansion, we use F-theorem [19] [20] [21] or entanglement monotonicity [22] [23] [24] [25] [26] considerations to constrain the possible IR dynamics.
Following [26] , we show in Sec. IV that QCD3 admits the flow to a particular massive phase
for fixed N c where G 2 (z) is the Barnes function satisfying
16π 2 are the 3-sphere free energies of a four-component Dirac fermion and real scalar boson with ζ(x) being the Zeta function.
The left hand-side of Eq. (3) is valid to O(1/N f ) [24] ; consequently, any solution N denotes the point where a particular four-fermion operator becomes relevant. It is conceivable that the four-fermion operator that is found to destabilize the large-N f QCD3 fixed point within the -expansion instead drives the theory to a non-trivial IR fixed point for some range of N The remainder of this note is organized as follows. In Section II, we frame our study of QCD3 within the -expansion and summarize our conventions. In Section III, we present our calculation of the anomalous dimensions of the four-fermion operators in QCD3 from which we derive an estimate for N crit f . In Section IV, we discuss the estimate of N F f obtained from F-theorem considerations. We conclude in Section V. There are two appendices that provide further details used in the calculation of Section III: Appendix A contains the matrix of anomalous dimensions for the four-fermion operators that we study; Appendix B provides details of the argument that there is no mixing of operators that vanish on-shell into those that do not.
II. QCD3 PRELIMINARIES
We study QCD in three spacetime dimensions via the -expansion about four dimensions.
For convenience, we generally refer to QCD in 4 − dimensions with > 0 as QCD3. We take QCD3 to have gauge group SU (N c ) and N f four-component Dirac spinors Ψ n (n = 1, . . . , N f ) in the fundamental representation of SU (N c ). Our aim is to better understand the IR dynamics of the theory as N f is varied for fixed N c .
In 4 − dimensions, the QCD action,
where (the sum over a is understood; the sum over the flavor index n and color indices are sup-
µν with η µν η µν = 4 − (see [1] and references therein for a discussion of γ-matrices in non-integral dimension).
In four dimensions ( = 0), the QCD Lagrangian enjoys the global chiral symmetry N c and > 0 where the zero of β g at g 2 * is lifted.) Thus, the -expansion furnishes an alternative method by which to study QCD3 with N f ∼ O(1).
The fate of this large-N f fixed point as N f is lowered is the subject of this paper and previous studies [2, 4] . One hypothesis is that SU (2N f ) is spontaneously broken to (1) as N f is lowered beyond some critical value (the simplest scenario is one in which the discrete symmetries are preserved). In (three-dimensional) two-component spinor notation, this symmetry breaking can be achieved by a non-zero vacuum expectation value ofψ n ψ n −ψ n+N f ψ n+N f . The precise dynamics that might give rise to such a symmetry breaking is not currently understood, although estimates based upon the 1/N f expansion ( [9] and references therein) and the -expansion [10] in QED3 indicate that a four-fermion operator can become relevant as N f is lowered and thereby precipitate the symmetry breaking. However, such higher-body operators need not result in symmetry breaking; they could instead generate the flow to a new non-trivial fixed point.
In Sec. III, we extend a previous study [10] of four-fermion operators in QED3 to QCD3 using the -expansion. We thereby determine the critical number of flavors
below which a certain linear combination of four-fermion operators becomes relevant and destabilizes the large-N f fixed point. Unfortunately, we are unable to determine the endpoint of the resulting renormalization group (RG) flow; we do not know whether the four-fermion operator leads to the spontaneous breaking of SU (2N f ) or if a new non-trivial IR fixed point is achieved. We leave a more detailed investigation of this important question for further study. However, we can use the F-theorem to determine when spontaneous symmetry breaking becomes possible and do so in Sec. IV.
III. DANGEROUSLY IRRELEVANT OPERATORS IN QCD3
In this section, we calculate the anomalous dimensions of SU (2N f ) symmetry-preserving four-fermion operators. We begin with a summary of our Feynman rules and then discuss the calculation.
A. Feynman rules
In the computations outlined in this section, we work in Feynman gauge, which is implemented by adding the standard gauge-fixing term to the QCD3 action Eq. (4),
Feynman gauge is defined as fixing ξ = 1. This results in a gauge boson propagator,
where a and b are gauge group indices. Our fermion propagator,
is obtained directly from the action, where m, n are flavor indices and i, j are color indices.
Similarly, the fermion-gauge boson vertex is
where the flavor indices m (n) are attached to the in-coming (out-going) fermion lines.
B. Four-fermion operators
Following the intuition of [4, 9, 10] , our interest will be in four-fermion operators. In the three-dimensional theory, one can construct at most four linearly independent four-fermion operators which share the symmetries of the action and, therefore, can mix under the RG.
In two-component spinor notation, these are
where i, j, k, l are color indices, the Pauli σ-matrices furnish the (minimal) Clifford representation in three dimensions, and parentheses indicate spinors with contracted flavor indices.
One can check that other possible four-fermion operators, such as (
the {T B } are the generators of the SU (2N f ) flavor group, can be constructed from linear combinations of these four operators.
To translate these operators into the language of four-component spinors in 4 − dimensions, we note that in three dimensions, γ [µ γ ν γ ρ] (the square bracket denotes antisymmetrization over the indices µ, ν, ρ) is proportional to the identity. Thus, inserting the "identity" into O A and O A and using the fact that (γ
γδ in four dimensions, we can write down the four-component spinor analogues of these operators in 4 − dimensions,
We see immediately that the first two of these operators are the square of the vector and axial currents (thus the subscripts V and A). The remaining two operators consist of the two alternate ways of forming color singlets.
While the above operators can generally mix among themselves under the RG, other operators sharing their engineering dimension of 6 − 2 which are invariant under the same symmetries can mix with them as well. One can construct at most two such operators that are linearly independent. We choose them such that they are proportional to the classical equations of motion resulting from Eq. (4) and, therefore, vanish on-shell:
Our choice of operators in Eqs. (17) - (18) is motivated by the absence of mixing into the operators in Eqs. (13) - (16) under the RG. See Appendix B for further details on the argument that establishes this result.
In order to determine whether there exists a linear combination of the operators in Eqs.
(13) - (16) and (17) - (18) which become relevant at some N crit f (N c ), we study the matrix of anomalous dimensions γ for these operators to leading order in the -expansion evaluated at the large-N f fixed point. Because the operators which vanish on-shell cannot mix under the RG into the operators which do not, we know that γ is a block triangular 6 × 6 matrix
where we work with the transpose for convenience. The matrix A corresponds to the mixing of the four-fermion operators in Eqs. (13) - (16) amongst themselves, and is therefore 4 × 4.
The upper-right block is 0, as it corresponds to the mixing of the operators in Eqs. (17) - (18), which vanish on-shell, into the four-fermion operators. Finally, the blocks B and C respectively correspond to the mixing of the four-fermion operators into the operators which vanish on-shell and the mixing of the operators in Eqs. (17) - (18) into themselves. They are nonzero in general.
Because γ is block triangular, it will suffice to focus only the block A, as its eigenvalues will also be eigenvalues of γ as a whole. This means that we can neglect the mixing of fourfermion operators into the operators which vanish on-shell, a fact that greatly simplifies our computation.
The block g 2 * 16π 2 A of the anomalous dimension matrix can be computed from the diagrams in Fig. 1 and is given in Appendix A. Note that in computing these diagrams we take the external fermion legs in these diagrams to be on-shell. 
where ∆ = 6 − 2 is the engineering dimension of four-fermion operators in 4 − spacetime dimensions. Thus, we obtain the condition that an operator is relevant when
The large-N f fixed point becomes unstable when the number of flavors is lowered past the value N crit f at which this inequality is saturated by at least one eigenvalue η. Since A is a 4×4 matrix, obtaining a value of N crit f analytically is difficult and would likely be unenlightening. given many fixed values of N c and 1 [36] . We then fit the result to a linear function of for each value of N c , a very good approximation for 1. We then fit these results as functions of N c . From this we find that the first eigenvalue of A saturates the bound in Eq.
(21) when N f is lowered to
This is an approximate result for the number of flavors below which the fixed point becomes unstable. Eq. (22) It is an open question as to the fate of the three-dimensional theory for N f ≤ N crit f . It is possible that the theory flows to the three-dimensional version of the Banks-Zaks fixed point [27] -which appears at two-loops in four-dimensional QCD -before the theory becomes asymptotically free (with respect to the first quantum correction to β g ) and chiral symmetry is presumably broken. To gain a better understanding of when symmetry breaking can occur for N f < N crit f , in the next section we present an upper bound on the number of flavors below which chiral symmetry can be maximally broken using the F-theorem.
In the previous section, we determined the critical value of N crit f (N c ) below which a potentially-destabilizing four-fermion interaction became relevant using the -expansion. We now consider a complementary perspective from which to assess the fate of QCD3 as the number of flavors is lowered. We use the F-theorem [19] [20] [21] or entanglement monotonicity [22] [23] [24] [25] [26] -valid for conformal field theories in three spacetime dimensions -to determine the maximal number of flavors N F f (N c ) below which the large-N f QCD3 fixed point may flow to a particular phase in which the fermions acquire a mass, following the idea presented in [26] . In short, for N f > N F f , the large-N f fixed point is stable to symmetry breaking; for N f < N F f , the instability becomes available. Our analysis assumes a pattern of symmetry breaking in which the possible dynamicallygenerated fermion masses preserve the
of the global flavor symmetry, consistent with [28] . (Other types of symmetry breaking are possible, however, they will not be considered here.) Goldstone's theorem says that the spontaneous symmetry breaking The F-theorem admits RG flow from QCD3 to the (massive) Goldstone phase when
where F QCD3 and F Goldstone denote the free energies of the two theories on the 3-sphere. The values of these 3-sphere free energies can be found in [24] :
where the . . . represent additional contributions to F QCD3 that are expected to begin at
A plot of F QCD3 for the gauge group SU (2) and F Goldstone is given in Figure 3 . We see that F Goldstone > F QCD3 for N f ≥ 8, while the Goldstone phase becomes available for smaller N f . 
This estimate is very good for large values of N c , for which it gives
It is somewhat worse for smaller values of N c . For example, for the gauge groups SU (2) and SU (3),
≈ 5% and 2% respectively. For these gauge groups, we find
1 without performing any fitting. Because the 1/N f expansion was required to obtain F QCD3 above, it is useful to consider alternative means of estimating the large-N f QCD3 3-sphere free energy. (It would be interesting to generalize to QCD3 the technique used in [11] to compute F QED3 within an -expansion about four dimensions in order to provide a more direct comparison to N crit f computed in the previous section.) One option is N = 2 supersymmetric QCD3 (SQCD3) whose 3-sphere free energy can be found exactly using localization techniques [29] . The SQCD3 free energy provides an upper bound on the large-N f QCD3 free energy since the former flows to the latter under suitable deformation. Unfortunately, we do not find a lower value of N F f (N c ). For example, for SU (2) and SU (3) gauge groups, we find N F f (2) ≈ 13 and N F f (3) ≈ 18 using N = 2 SQCD3. We remark that it is not helpful to use the 3-sphere free energy of the decoupled UV limit of QCD3. The reason is that N 2 c − 1 (abelian) gauge fields do not define a conformally invariant theory in three dimensions. Their free energy scales logarithmically with the radius of the 3-sphere and, therefore, diverges at long wavelengths [24] .
V. DISCUSSION
In this paper, we utilized the -expansion about four spacetime dimensions to estimate an upper bound on the number of flavors below which the large-N f QCD3 is destabilized.
This was done by finding the number of flavors, Eq. (22), at which a certain linear combination of four-fermion operators becomes relevant. In addition, we used the F-theorem or entanglement monotonicity to estimate in Eq. (25) when the large-N f fixed point admits the spontaneous symmetry breaking
Our computations in Sec. III were done entirely at the one-loop level. It would be of great interest to study this problem out to two-loops in the future. This might enable one to develop an understanding of the fate of the Banks-Zaks fixed point [27] in four-dimensional QCD when it is continued to three dimensions.
The possible applications of QCD3 range from the physics of high-temperature (fourdimensional) QCD [30] to theories of high-temperature superconductivity [3] as well as to magnetic systems [4] and parton descriptions of the quantum Hall effect [31] . We hope that our work may be helpful to such applications. Computing the diagrams in Figure 1 , we obtain the block of the anomalous dimension matrix in Eq. (19) corresponding to the mixing of the four-fermion operators in Eqs. (13) - (16) 
where I, J = V, A, V , A . The entries of this matrix are
where
, and C 2 (G) = N c (F and G are the fundamental and adjoint representations of SU (N c ) respectively).
To give the reader an idea of how these matrix elements are computed, we describe a sample calculation. Consider the operator λ V O V , where O V is given in Eq. (13). The
Feynman rule for an insertion of this operator is
where α, β (i, j) and γ, δ (k, l) are the spinor (color) indices associated with the fermion line above and below the dot respectively. As an example of a one-loop insertion of this vertex, consider the second diagram in Figure 1 . This diagram is proportional to
where we're suppressing the logarithmic divergence. We'll first consider the products of gamma matrices. Using the identity
we obtain (using the shorthand (
where in the second and third lines we used
where D = 4 − . We now move on to the product of the gauge group generators. Here we will use the commutator
and the identities
We therefore have
where the first term results in mixing into O V and O A , and the second term results in mixing into O V and O A . The remaining diagrams can be computed analogously.
Appendix B: RG Mixing with Redundant Operators
In computing eigenvalues of the anomalous dimension matrix γ in Section III, it was of great use to select a basis of operators {O I } such that γ is block-triangular. This was done by selecting two operators which vanish upon use of the classical equations of motion (the contributions of higher-dimension operators are assumed irrelevant). Such operators are called redundant [32] . We argue in this appendix that redundant operators in general do not mix into operators which are not redundant under the RG. Much of the argument in this section has overlap with that in [33, 34] .
A redundant operator is defined as an operator for which infinitesimal variations in its coupling can be eliminated from the action by way of a redefinition of the fields {Ψ i } in the theory [32] . Such an infinitesimal field redefinition of a field Ψ i takes the form
where F is some continuous function of the fields in the theory and their derivatives. The change in the action under this variation is therefore
Thus, an operator O with coupling λ is redundant if under λ → λ + δλ
for some subset {Φ i } of the fields. Thus, redundant operators are operators which vanish on-shell (i.e.
δS δΨ = 0).
As an aside, we can generalize the concept of a redundant operator to that of a redun- [33, 34] .
The special case of a redundant operator is particularly well behaved since, to satisfy Eq. (B3), this operator must vanish on the equations of motion, so an infinitesimal field redefinition can always remove it from the bare action (up to the Jacobian of the redefinition and a shift in the source of the field being redefined, both of which we will discuss below)
provided that it is irrelevant. Thus, such operators cannot renormalize operators which are not redundant (note that the converse need not be true). Below, we will give a rough argument for this for the case of interest, SU (N c ) QCD in 4 − dimensions.
We will be interested in the mixing of dimension-6 (under four-dimensional power counting) operators under the RG which are invariant under the symmetries of the action in Eq.
(4). As in Sec. III B, when choosing a basis of these operators, we choose two redundant operators, one of which is (suppressing color indices)
This is the operator in Eq. (17) 
It is certainly true that any change in λ EoM,1 under the RG can be removed by way of a field redefinition, but we are primarily interested in the other dimension-6 operators that are not redundant, so we must remove λ EoM,1 from the bare action in order to keep beta functions of other couplings from depending on it. This is possible because O EoM,1 is irrelevant and so its coupling λ EoM,1 is naturally proportional to two powers of the inverse cutoff 1/Λ 2 . We then perform the infinitesimal field redefinition
which eliminates O EoM,1 from the bare action and prevents us from having to worry about its effect on the running of non-redundant couplings in the theory. Of course, under the RG, O EoM,1 can be generated, but, again, it can always be removed in this way at each step in the RG procedure. The point is that because it can be eliminated by way of an infinitesimal field redefinition, λ EoM,1 cannot contribute to the renormalization of other, non-redundant couplings.
Note that the above redefinition of the gauge field will introduce a Jacobian in the path integral which can be neglected (it can be generally interpreted as introducing ghosts which we can for all intents and purposes ignore). There is also an additional term of the form 1 Λ 2 J µ J µ V , where J µ is the source of A µ , that appears when we take into account source terms, but this term does not affect the four-fermion correlation functions we are primarily interested in. Further discussion can be found in [33] .
